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Abstract
It is shown how the BRST quantization can be applied to a gauge in-
variant sector of theories with anomalously broken symmetries. This
result is used to show that shifting the anomalies to a classically trivial
sector of fields (Wess-Zumino mechanism) makes it possible to quan-
tize the physical sector using a standard BRST procedure, as for a non
anomalous theory. The trivial sector plays the role of a topological
sector if the system is quantized without shifting the anomalies.
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1 Introduction
When considering the quantization of an anomalous gauge theory, one
possible approach is to quantize the theory without restoring gauge
invariance, as was done by Jackiw and Rajaraman[1] for the case of
the Chiral Schwinger model. A unitary, though non gauge invariant,
theory is obtained for this particular solvable model. A more general
approach is to use the Wess-Zumino mechanism, usually interpreted
as restoring gauge invariance. Following this approach, one can then
use a BRST quantization procedure 1. The main purpose of this ar-
ticle is to discuss a physical interpretation of the Wess-Zumino(WZ)
fields, that are introduced to restore gauge invariance, by making a
connection with the quantization of the so called topological field the-
ories. We will make use of the Batalin Vilkovisky(BV)[4] Lagrangian
BRST quantization scheme ( also called field-antifield quantization)
because it provides, through the master equation, a systematic way
of calculating quantum contributions (anomalies and WZ terms), but
our interpretation of the WZ fields is valid for a general BRST quan-
tization.
The quantization of a purely quantum field theory (vanishing clas-
sical limit) was used by Labastida et all[5] as an interesting approach
to generate a topological 2D quantum gravity. The starting points
are just the fields and their associated symmetries. At the classical
level the Lagrangian is zero. The quantum action corresponds just to
the gauge fixing of the initial symmetry. For the particular case of
2D topological quantum gravity, enlarging the usual symmetry of 2D
gravity by including the shift symmetry renders a non trivial ghost
structure involving a second generation of ghosts associated to the
non independence of the transformations. At this stage, without cou-
pling the theory to other sectors there is no nontrivial BRST invariant
observable.
The so called Wess-Zumino mechanism is a well known technical
way of translating the anomalous breaking of classical gauge invari-
ance to the appearance of new dynamical degrees of freedom, the
so called Wess-Zumino fields, originally proposed by Faddeev and
Shatashvili[6]. The new enlarged system is invariant under the origi-
nal symmetries at the quantum level and one usually says that gauge
symmetry is restored. The Batalin-Vilkovisky (BV) formalism[4] ,
1see for example [2] and [3]
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also called Field-Antifield formalism provides a powerful framework
for the BRST quantization of gauge theories. A first discussion about
the application of the BV formalism to anomalous gauge theories was
carried out by Troost et all [7]. In this reference it was shown how can
one regularize a theory in order to make sense of the terms of order
higher than zero in h¯ in the master equation. These terms will repre-
sent the purely quantum part of the theory, that means, they will take
account of the behavior of the path integral measure and that is why
they only make sense when the theory is regularized. When anomalies
are present, there is no local solution to the master equation in the
standard space of fields and antifields.
In reference[8] the BV quantization was applied to the chiral
Schwinger model. A non local WZ term was obtained and it was made
local by the introduction of an auxiliary (WZ) field. This procedure
is particular, since this non-local WZ term does not generally exists.
Recent investigations show that the application of BV to anomalous
gauge theories leads to the appearance of the Wess-Zumino terms if the
field-antifield space is extended by the inclusion of pairs field-antifield
associated to the broken gauge symmetries. This realization of the
mechanism proposed in [6] in the BV framework was first shown for
the case of Chiral QCD2 in[9] and then for general theories with a
closed irreducible gauge algebra in [10]. In these two articles it is as-
sumed that the additional fields transform as elements of the original
gauge group and that there is no additional symmetry.
It was pointed out after by De Jonghe et all[11] that when one
extends the field antifield space by adding fields that are not present
at the classical level one should also take into account an additional
symmetry (shift symmetry) that rules out this fields at classical level.
Thus, the gauge fixing part of the action should include an additional
term involving the ghost associated to this symmetry. This fact cor-
responds to imposing the condition that the gauge fixed action be the
proper solution of the (zero order) master equation. Following this ap-
proach, they conclude that including WZ terms one is in fact shifting
the anomalies to these new symmetries.
Some important questions come in now. If the anomaly is just
shifted, can we say that BRST invariance is restored? Can we BRST
quantize a theory in which the anomalies are still present ? One
could follow the approach that anomalies are really canceled, as did
Gomis and Paris[12] and impose the properness condition just on the
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quantum action. This corresponds to neglecting the new symmetries.
We will see however that following this approach we loose an important
physical interpretation for the origin of the WZ fields.
The aim of this article is to show that, including these extra sym-
metries, the WZ fields will be interpreted as coming from a trivial
sector that could also lead to topological field theories depending on
the quantization procedure. We will also show that if a general gauge
theory has a broken sector of symmetries, we can use BRST quanti-
zation for the other sector. This fact is particularly important if the
anomaly is shifted to a non physical sector.
2 Anomalous gauge theories
The BV quantization procedure is defined in an enlarged space of fields
and antifields, collectively denoted by Φa and Φ∗a respectively. The
quantum action has the general h¯ expansion :
W (Φa,Φ∗a) = S(Φa,Φ∗a) +
∞∑
p=1
h¯pMp(Φ
a,Φ∗a) (1)
It should satisfy the so called (quantum) master equation:
1
2
(W,W ) = ih¯∆W (2)
where the antibracket is defined as: (X,Y ) = ∂rX
∂Φa
∂lY
∂Φ∗a
− ∂rX
∂Φ∗a
∂lY
∂Φa
and
the operator Delta as: ∆ ≡ ∂r
∂Φa
∂l
∂Φ∗a
Equation (2) implies that the vacuum functional, defined by:
ZΨ =
∫ ∏
DΦaexp
(
i
h¯
W (Φa,Φ∗a =
∂Ψ
∂Φa
)
(3)
is independent of the gauge fixing fermion Ψ. More details can be
found in [4] or [2].
The zero order term of the action W : S(Φa,Φ∗a) is usually called
gauge fixed action and is subject to the boundary condition:
S(Φa,Φ∗a = 0) = S(φi) (4)
where S is the classical limit of theory. The set of fields Φa includes
the classical fields φi, ghost fields cα associated to the symmetries of
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S(φi) and possibly some additional fields necessary to have a standard
representation for the gauge conditions[4]. The set of antifields Φ∗a
contains the corresponding partners of each of the fields.
We can rewrite the master equation (2) in powers of h¯. The two
first powers are:
(S, S) = 0 (5)
(M1, S) = i∆S (6)
we will consider theories for which the higher order contributions
MP (P ≥ 2) to W can be taken as zero, so we only need these two
first order terms in the master equation.
As mentioned before, we need to regularize the theory in order
to make sense of the terms of order higher than zero in h¯ in the
master equation, like ∆S. We will not be concerned with the details
of the regularization process in this article. One can find them in the
literature2. We will just present the general idea.
A regularized theory can be build by introducing Pauli Villars(PV)
fields, and adding an extra term SPV (χ
a, χ∗a,Φa) to W . The PV
fields χa have the same statistics as the corresponding Φa but their
path integral is defined in such a way that the contributions from their
loops has a relative minus sign. The regularization is obtained by a
judicious choice of SPV such that the contribution to ∆S coming from
both sets of fields cancel. The mass terms of the PV fields, necessary in
order to eliminate their propagators after the appropriate infinity mass
limit is taken, will break the zero order master equation (S, S) = 0.
There is, as expected an arbitrariness in this regularization process.
A theory is said to be anomalous when there is no local term
M1, involving only the original fields of the theory that satisfies the
equation (6). It can be seen in references [7] and [12] that anomalies
correspond to a violation of the master equation that can be put in
the form:
1
2
(W,W )− ih¯∆W = cγAγ (7)
where γ takes some values inside the domain of α (spatial integrations
are, as usual, implicit). The symmetries associated to the ghosts cγ
are said to be broken at the quantum level.
2see for example [7],[12], [13] and [14]
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For a general gauge theory, when a particular regularization pro-
cess is chosen and we get a particular form of equation (7), we arrive
at a quantum theory with two sectors of symmetries. The broken ones
(corresponding to cγ ) and the unbroken ones (corresponding to the
other ghosts). We can incorporate into the theory the information
about the symmetry breaking, by defining a vacuum functional:
Z
Ψ
=
∫ ∏
DΦa
∏
δ(cγ)exp
(
i
h¯
W (Φa,
∂Ψ
∂Φa
)
(8)
where Ψ is a fermion independent of cγ It is easy to show that ZΨ is
independent of Ψ. That means, we have a BRST invariant theory. We
will see in chapter (3) that this procedure will enable us, by shifting the
anomalies to a trivial sector of fields, to build up a BRST invariant
generating functional where the original symmetries of the classical
theory are realized.
3 Wess Zumino Mechanism
We can always associate to any standard field theory (not only topo-
logical observables) an additional sector, that corresponds to fields
with zero Lagrangian at the classical level, in the same spirit of refe-
rence[5]. We consider a general gauge theory with extended BV action:
S = SPhys.(Φ
a,Φ∗a) + ST (ϑ
b, ϑ∗b, cα) (9)
Subject to the boundary conditions (classical limit):
SPhys.(Φ
a,Φ∗a = 0) = S(φi)
ST (ϑ
b, ϑ∗b = 0, cα) = 0 (10)
The set ϑb includes at least the fields θβ and the ghosts dβ. The
classical theory is invariant under two independent groups of gauge
transformations
δφi = Riα(φ
i)λα
δθβ = ρβ (11)
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where λα and ρ
β are arbitrary functions.
We will call the first set of transformations as physical symmetries
because they are manifest symmetries of the classical action S(φi) that
we want to quantize. We want to build up a quantum version of this
theory that is also gauge invariant with respect to these symmetries.
They will be fixed by the ghosts cα.
The invariance of the classical theory with respect to these physical
symmetries leads to Ward identities relating the Green functions and
thus the renormalization parameters, that are of extreme importance
in proving the renormalizability of the quantum theory ([15]). For the
case of anomalous gauge theories the Ward identities have higher order
corrections (in loops) that may spoil the renormalizability. One can see
for example in ([16]) and ([17]) that anomalies constitute an obstacle
to the proof of renormalizability for gauge theories and that this proof
depends on the ability of canceling them out, by, for example, adding
extra fermionic fields. The addition of the Wess Zumino fields at
quantum level will also give extra contributions to these identities
since the WZ fields will also transform with the physical symmetries.
Anyway, we see that these symmetries have an important role when
considering the quantization of the physical action.
The second set in (11) will be called non physical symmetries be-
cause they just represent the absence of the fields θβ at the classical
level. The ghosts dβ will play the role of gauge fixing these symmetries.
When we realize the Wess Zumino mechanism some of these symme-
tries will be broken, simply reflecting the fact that, at the quantum
level, the theory will no more be independent of the WZ fields. These
symmetries are not manifest at classical level and are thus not rele-
vant for considering the quantization of S(φi). That is why, as we will
see at the end of this chapter, we will build at a generating functional
that does not involve this non physical symmetries.
There is actually not an unique way to express the transformations
for the θβ fields. The important thing is that they eliminate their de-
grees of freedom at the classical level. If we include in the second group
of transformations (11) additional factors associated to usual physical
symmetries (like diffeomorphism ) what happens is that we possibly
get non independent gauge transformations, leading to the introduc-
tion of higher order ghosts, like in [5] . The presence of cα (ghosts
associated to the symmetries of S(φi)- that we will call physical sym-
metries) in ST is associated to the arbitrariness in the transformation
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of θβ with respect to this gauge group, since these fields are not present
at the classical level.
We can assume that the trivial sector contains a set of fields that
have the same structure (Lorentz plus internal symmetries) of the
elements of the physical gauge group. Now, introducing the Pauli-
Villars fields to regularize the physical sector, we may choose different
mass terms that may break some original physical symmetries, some
symmetries of the trivial sector or, in general, a linear combination
of them[11]. We prefer to consider a choice of mass terms that do
not involve the fields θβ and thus will break only symmetries of the
physical sector . Assuming that the new fields in ST have an invariant
path integral measure, we get
∆S = ∆SPhys. = c
γAγ (12)
Following the idea of [9] and [10] we can write out a quantum
contribution M1(φ
i, θβ) that cancels the contribution of (12) to the
master equation(2). We know that this M1 must depend on the extra
fields θβ because we are assuming that the theory has genuine anoma-
lies and, as is well known, they can not be canceled by just counter
terms. ThereforeM1 is not invariant under (11), leading to a violation
in the master equation that now has the general form:
1
2
(W,W )− ih¯∆W = dγAγ (13)
we say now that we have implemented the Wess-Zumino mechanism.
The anomalies have not been canceled. They have just been shifted
to the symmetries associated to the trivial sector. We can define again
in the same spirit of (8)
ZΨ =
∫ ∏
DΦa
∏
Dϑb
∏
δ(dγ)exp
(
i
h¯
W (Φa,
∂Ψ
∂Φa
, ϑb,
∂Ψ
∂ϑb
)
(14)
where Ψ is a fermion independent of dγ . Now the functional Z
Ψ
involves integrations over the whole set of physical fields (all the ghosts
cα are included). We can couple the fields to sources J and also
introduce the sources L writing a generating functional:
Z[Ja, Jb, La, Lb]Ψ =
∫ ∏
DΦa
∏
Dϑb
∏
δ(dγ)
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exp
(
i
h¯
W (Φa,
∂Ψ
∂Φa
+ La, ϑb,
∂Ψ
∂ϑb
+ Lb) + JaΦa + JbΦb
)
(15)
defining the classical fields and effective action respectively as:
φAcl =
h¯
i
δlnZ[JA, LA]Ψ
δJA
(16)
ΓΨ[φ
A, LA] =
h¯
i
lnZΨ − J
AφAcl (17)
with A=(a,b).
The Zinn-Justin equation
(Γ
Ψ
,Γ
Ψ
) = 0 (18)
(with the antibracket defined in a space where φA play the role of the
fields and LA of the antifields) will now express the gauge invariance
of the physical sector and possibly some trivial uncoupled symmetries
of the trivial sector.
If we do not includeM1(φ
i, θβ) in the quantum action the anomaly
will show up in the physical sector. The trivial sector will remain
uncoupled and may lead to topological theories like in[5]. At least for
some simple models, like in [1], one can then possibly quantize the
physical sector in a non gauge invariant way and proceed the BRST
quantization for the trivial sector, like in[5].
Gauge invariance is of extreme importance in proving the unitarity[18]
of field theories . Implementing the Wess Zumino mechanism as in the
present chapter we get a non anomalous version for the potentially
anomalous theory 3. In the BRST language, we get a quantum theory
with a nillpotent BRST generator, representing the invariance of the
effective action (17). One can then define the physical states in the
usual way [2], in terms of the cohomology classes of this generator.
If gauge invariance is lost the theory may become non Unitary, and
therefore inconsistent.
One could also expect, in principle, that the renormalization prop-
erties are improved by restoring gauge invariance. We can see, how-
ever, in [21] an example of a four dimensional gauge theory that after
3 Helpful discussions about anomalies and their physical implications can be found for
example in [19] and [20]
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the decoupling of one of the fermion chiralities remains gauge invariant
by the generation of a Wess Zumino term, but is non renormalizable.
So, the issue of renormalizability can not be analised in a general way
by just taking gauge invariance into account.
4 Example
Now we will consider an example in order to illustrate our previous
development. Let us consider a theory that at the classical level is
described by the sum of the following actions:
SPhys. =
∫
d2x{iψ /D
(1− γ5)
2
ψ −
1
4
FµνF
µν +A∗µ∂
µc
+ iψ∗ψc− iψ ψ∗c} (19)
ST =
∫
d2x{θ∗c+ θ∗d+ c∗π + d
∗
λ} (20)
The action SPhys. corresponds to the gauge fixed BV action for the
chiral Schwinger model[8] and ST corresponds to the gauge fixed action
for a theory of a scalar field that transforms with the gauge group of
the Schwinger model (corresponding to the ghost c) and also with an
additional symmetry (corresponding to the ghost d). The antighosts
c and d are introduced in order to allow the implementation of the
gauge choices in the standard BV way : Φ∗a = ∂Ψ
∂Φa
.
The boundary conditions satisfied by SPhys. and ST are of the same
form as in (10) with S(φi) being, in this case, the classical action for
the chiral Schwinger model.
The BRST transformations for the fields in ST are:
δc = 0 , δd = 0
δθ = c+ d , δc = π
δd = λ , δπ = 0
δλ = 0 (21)
We can write ST as a BRST variation, showing explicitly it’s topo-
logical character:
ST = δΩ (22)
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with
Ω = −θ∗θ + c∗c+ d
∗
d (23)
To implement the BV quantization for S = SPhys.+ST this theory
must be regularized before the calculation of ∆S. Let us consider first
ST . In order to regularize this action we can consider , as already
discussed in section (2), the Pauli Villars (PV) regularization. We
have to include a Pauli Villars partner for the field θ, with the same
kinetic operator but with a mass term in such a way that after taking
the infinity mass limit would have a vanishing propagator.
The problem is that, contrarily to reference ([7]), our θ field, has no
kinetic term at classical level. Thus, θ itself has a vanishing propagator
at the classical level. We can overcome this difficulty, for example, by
considering an action
ST (α) = ST +
∫
d2x{α∂µθ∂
µθ} (24)
The extra kinetic term breaks the gauge invariance, as can be seen
from:
(ST (α), ST (α)) = −2α✷θ(c+ d) (25)
but in the limit α→ 0 we recover the original theory with it’s invari-
ances. We can now introduce a PV partner to θ, say θ, with the same
vanishing classical limit , in the same spirit of ([7]):
SPV (α) =
∫
d2x{α∂µθ∂
µθ +M2θ
2
+ θ
∗
(c+ d)} (26)
The violation of the master equation now takes the form:
(ST (α)+SPV (α), ST (α)+SPV (α)) = −2α✷(θ+θ)(c+d)+M
2φ(c+d)
(27)
Functionally integrating the PV field θ it’s contribution to the
above expression just vanish, because, contrarily to the cases consid-
ered in ([7]), the field θ is present only in the kinetic term. So, we
recover (25). Taking then the limit of vanishing α we find that the
contribution of ST to ∆S is zero. This was clearly expected from
the fact that the generators of the symmetries of the field θ are field
independent.
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On the other hand, the action SPhys. is exactly the same action
that was considered in [8], where the following result was obtained:
∆Sphys. =
i
4π
∫
d2x c [(1− a)∂µA
µ − ǫµν∂µAν ] (28)
Now we must build up a quantum action W of the form of eq. (1),
whose first component is just S = SPhys. + ST . We can consider two
different approaches . The first one is to take all the higher order con-
tributions MP to the action (1) as vanishing. Then eq. (28) implies
a violation of the master equation of the same form as (7). In this
case, following the lines of section (2), we may just take the symmetry
associated to the ghost c out of the BRST setting by considering the
vacuum functional Z
Ψ
of (8). The two sectors, associated to SPhys.
and ST will then remain uncoupled. The quantization of SPhys. can
be performed exactly as in [1], where the chiral Schwinger model was
shown to contain a free massive vector boson plus harmonic excita-
tions. while the sector corresponding to ST will now correspond to the
action (removing also the antighosts and auxiliary fields associated to
c )
ST (φ
a, φ∗a) =
∫
d2x{θ∗d+ d
∗
λ} (29)
that represents a scalar field with no non trivial BRST invariant ob-
servable, as it happens in [5] for topological 2D gravity. This sector
can possibly be coupled to other topological theories in order to gener-
ate non trivial observables. We can gauge fix this action by choosing,
for example, the scalar field to be equal to some preferable field θo,
introducing the fermion:
Ψ = d(θ − θo) (30)
that leads to the action
ST (φ
a, φ∗a =
∂Ψ
∂φa
) =
∫
d2x{dd+ λ(θ − θo)} (31)
A different approach to quantize the theory described by (19) plus
(20) is to implement the Wess Zumino mechanism, following the lines
of section (3). In ref. [8] it was shown that adding the contribution
12
M1 = −
1
4π
∫
d2x
{
(a− 1)
2
∂µθ ∂
µθ + θ [(a− 1)∂µA
µ + ǫµν∂µAν ]
}
(32)
to the quantum action of the Schwinger model would cancel the contri-
bution from ∆S to the master equation if the term θ∗d is not present
in the classical action S. The inclusion of this extra term, taking into
account, as already explained, the additional symmetry associated to
the ghost d, leads to the following result:
(M1, S) = i∆SPhys. +
∫
d2xA(θ,Aµ)d (33)
with
A(θ,Aµ) =
1
4π
(
(a− 1)✷θ − ∂µ((a− 1)Aµ + ǫ
µνAν)
)
(34)
Now the quantum actionW = SPhys.+ST+h¯M1 satisfies the equation
1
2
(W,W )− ih¯∆W = dγAγ (35)
representing the fact that the introduction of the Wess-Zumino term
M1 has shifted the anomaly from the physical symmetry, associated
with c to the non physical symmetry associated to the ghost d (only
present in ST ). Following chapter (3) we then define a vacuum func-
tional as in (14) that takes into account the breaking of the symmetry
associated to the ghost d, ruling out this field from the formulation.
The theory will then be described by the action
W = SPhys. +
∫
d2x{θ∗c+ c∗π}+M1(Aµ, θ) (36)
that corresponds to the Schwinger model with it’s standard Wess Zu-
mino term. That means, we arrive at a gauge invariant formulation
(with respect to the physical symmetry ) for the theory.
Thus we see from this simple example that the Wess Zumino term
corresponds to the coupling of the physical sector to a trivial sector
that otherwise would play the role of a topological sector.
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5 Conclusions
It is interesting now to make a parallel with the original discussion of
ref[6]. There, the anomalies are interpreted as not breaking the gauge
symmetry but just inducing a different representation for the group,
in which the WZ fields are also present. We can say that in order
to build up this representation for the gauge group we are borrowing
some fields from a sector that was in principle trivial. In fact the name
trivial is not so appropriated. We have seen that, although trivial at
classical level, depending on the quantization process this sector may
lead to Topological Field Theories at quantum level if we don’t use
it to implement the Wess-Zumino mechanism. We have learned from
recent studies[22], [23] that some interesting results can emerge from
this kind of theories.
Regarding the WZ mechanism as a breaking in the symmetry of
what would be a topological sector leads us to some interesting ques-
tions for future investigations. If part of the symmetry of this sector
is broken in the quantization process by coupling to another sector we
get possibly a mechanism for generating field theories with not only
topological observables beginning with topological invariant actions.
In other words we get a mechanism for coupling topological theories
to non topological ones.
It is worth mentioning that it has been considered by Marnelius
the possibility of BRST quantization of anomalous field theories[24].
This author considers BRST quantization with Q2BRST 6= 0 but with
QBRST conserved. What we were interested in discussing was exactly
the mechanism of “restoring gauge invariance”, so what we did was to
exclude the broken symmetries from the BRST setting. Thus we can
define a nillpotent and conserved BRST charge. In the case of (14)
this corresponds to the charge that generates the BRST transforma-
tions on the physical sector plus some possible remaining (uncoupled)
symmetries of the trivial sector. After the master equation is writ-
ten in the form of (13) we can compute the generator of the BRST
transformations excluding the ones associated to the ghosts dγ ( that
means the BRST symmetries of (14)) : QBRST . The physical states
will be defined by:
QBRST |Phys. >= 0 (37)
All the standard BRST procedure[2] [3] can then be applied.
Although the present analysis is based on the BV quantization
14
framework, we can generalize our interpretation about the origin of
the Wess-Zumino fields for general BRST quantization.
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